Squaring the Circle - statistically speaking
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Summary

A simple relationship is described which connects
Buffon's classical needle problem with related
problems involving circles, squares and rectangles.

OINTRODUCTIONO

A SIMPLE game to play with children involves

tossing or rolling circular hoopla rings on to a floo
comprising boards of equal width. The aim is to mal
the ring come to redtetweerthe cracks, i.e. not to
cross them. Following a brief derivation of the
associated probability of such an event occurrir
(assuming a random toss or roll), we note
relationship that connects this problem to Buffon’
well-known needle problem. This leads on to furthe
investigation which we initiate, and then leave reade
to follow this up.

ORING PROBLEMI
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Fig 2.

Suppose a ring of diameteis dropped or rolled on that the ring crosses a crack is given by
to a floor comprising wooden planks (floorboards) p=1—q

of width b. The aim is to determine the probability,

p, that the ring crosses a crack between the plankshere q = probability that the ring doest cross a
Figure 1 shows one such plank with the ring on it crack. (Note that if a ring touches a crack then it is
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Fig 1.

deemed to have crossed it.)
Referring to figure 2, the probability g is given by

g = (length over which the centre of the ring can land between

upper and lower cracks without crossing either ciack)
(length over which the centre of the ring can land between
upper and lower cracks)

-3d-3d _ b-d

b b
by considering the limiting cases of touching upper
and lower cracks, and noting that the orientation of
the ring does not matter. Thus the probability that the
ring will cross a crack is
p=1-qg=1-(b-d)/b=d/b fordb

Clearly, ifd> bthen the ring will always cross a crack,|t we rewrite this probability in terms of the perimeter

unlikely event of the ring landing on its edge doeg = (perimeter)i (1)

not occur.) Ifd < b, however, then the probability rovided theperimeter= T < 7.



crack can be determined, as before, frpm 1- q

OCOMPARISON WITHO where q = probability that the rectangle dnetcross a
NEEDLE PROBLEM crack. To determine q we consider the length which the

centre of the rectangle can land so that it does not cross

_ _ o N a crack, and figure 4 shows the required length as a dotted
Having determined this simple probability, | becamgne |n contrast to the ring problem, however we see

interested in comparing it with the result for Buffon'p ot this time this length depends on ¢hientationof
classical needle problem. If a needle of lengl  the rectangle. It is this feature that makes this problem
dropped on o floorboards of widthwith | <b,then  harger than the corresponding ring problem, and similar
the probability that the needle crosses a crack is giv@Pihe well-known needle problem

by

p = 2l/mb ) 7o assign a description of a particular orientation we

. _ . _ measure the anti-clockwise angle betw&&d and
One interpretation of the expression in (2) is as

follows. The needle can be thought of as a rectar ~'=—
of breadthl and zero width, and with this
interpretation the needle has perimeter 2.0-2I.
Hence (2) can be rewritten as

p = perimeterfib

provided theperimeter= 21 < 2b,and is therefore
the same result as for the ring (1). Thus the form
(1) holds for both the ring and the needle provide
theperimeter< min(2b,mb) = 2b.

b - 2..%_r.sin ©+a)

The obvious question to ask is whether this
connection is also true for rectangles of non-zerc \
width.

Fig 4.
ORECTANGLE PROBLEMI

“horizontal”. Denoting this angle by, we see that, for

Consider now the case where the thrown object isgn acute angle ©6 < w2, the length of the dotted line
in the shape of a rectangle of dimensionsd. in figure 4 is

This will include, for example, a playing card, as
well as a piece of wire bent into the shape ofa |, 2.(1/2)rsin@ +a )= b - rsin +a )
rectangle. For simplicity we consider the case

where the largest dimension of the card is less thapy o or =
the width of the boards, i.e. the diagow@d+ d?)

< b. If this is not the case then the problem
becomes much harder.

Figure 3 shows one such plank with the rectangle
on it. The probability that the rectangle crosses a

V(c?+ ?) is the diagonal of the rectangle

and tam = ¢/d This length can be simplified further

as

b-r sinB cosa -r sina cos@ =b-dsind - ccosO

as sina = ¢/r and cost = d/r The total length over

which the centre of the rectangle can lanbl.is

Now, since there is a different length éarchorientation,

we must calculate q from

g = (sum of outcomes for which the rectangle does not cross a

crack) (sum of possible outcomes)

where the ‘sum’ in both the numerator and denominator

is obtained by integrating (with respect & the

b c corresponding lengths over which the rectangle can land,
ie.

I3

g = (integral of length over which the centre of the
rectangle can land so that the rectangle does not cross a
s crack )/(integral of possible length over which the centre
of the rectangle can land )

Fig 3.



(Note that has a uniform distribution.) To
calculate the integrals we could either cons@iey
range from O to & and determine the
corresponding length to that above in the case
when1/2 <0 <Tetc., or use symmetry to only
integrate oveB in the range & O < 12, and then
multiply the answer by 4. However, the 4 will
appear on both the numerator and denominator,
and thus

NIy

[2(b~ dsing-csin)do

q = E
IOZ bdf

_ [b6=dcosd-csing)?
[b6];
im-c-d o1 2(c +d)
imb b

The probability that the rectangle does cross a
crack is then

p=1-q=2(c +dj 3)

In terms of the perimeter of the rectangléc 2 d),
the probability in (3) can be rewritten as

p = perimetefrb (4)
whereV(c®+ ) < b . Note that this result also
includes the special case of a square wherd,
with the condition that2c< b, i.e perimeter = 4c
<2V2b

OCOMPARISON WITHJ
RING PROBLEM

side 70mm will cross a crack when dropped is 4x70/
140t = 2/m= 0.637 Arectangle of dimensions 105 mm

x 35 mm with aspect ratio 3:1 has the same perimeter as
the square, and therefore the same probability of crossing
a crack. Similarly, a circular ring of diameter 286/

89.1 mm has the same probability of crossing a crack,
as does a needle of length 140 mm.

OFURTHER WORKJ

We suggest experimental investigation of the results
given here, and then further investigation to ascertain
whether this result extends to other shapes. If the
experimental evidence suggests that this is the case,
then a formal proof can be sought.

From (1) and (4) we see that, if a circular ring and a
rectangular wire have the same perimeter, then the
probability that they cross a crack when dropped on

to floorboards of widtlv is the same, and is given by

perimeterib (Note that the perimeter is restricted

so that it is possible for the ring and rectangle to fit
between the cracks for any orientation.) Equivalently,
for a given distance between the floorboards, the
probability depends only on the perimeter of the
shape. This is true for circular rings and all rectangles
of the same perimeter, including those of zero width
and forming a needle, subject to a restriction on the

ratio perimeter/b.

For example, the floorboards in a typical house are
140 mm wide, and the probability that a square of



