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OINTRODUCTIONO

THE glee on the faces of young children as they
investigate how many of their friends can squeeze
inside a cubic metre play frame, or the amazement
of older pupils as they are reminded how large a
cubic metre is, provide ample proof that learning
about quantities can be great fun. The importance
of the practical skill of estimating quantities is
recognised in mathematics and science curricula
with statements such as “make estimates of

the ball of string be held by some sort of mechanical
dispenser, or should the end of the string be unwound
from the ball and presented to the subject by an as-
sistant? Our approach has been to employ an assist-
ant, but questions remain as to how much string
should be unwound and in what manner it should be
presented to the subject. Questions such as “Why 20
cm?” and “Why 10 cuts?” need to be asked. Further-
more, to what extent may we consider our chosen
subjects to be representative of people in general?

weight, time, volume and length”. In this article
we describe a statistical activity based on the
estimation of length, which provides interesting

OORGANISING, DISPLAYINGI
AND INTERPRETING THE DATA

data for analysis and can develop an appreciation
of experimental design. The approach taken can
easily be adapted to suit the level of pupil. We
have successfully used the idea as a junior second-
ary class activity, and as the basis of project work
for senior pupils. The question of interest is “How
well can we estimate length without the assistance
of any measuring instruments?” In a further
development of the idea, we pose the question
“Does our ability to estimate length improve if,

after each attempt, we are told how ‘well’ we are
doing?”

Table 1.

OCOLLECTING THE DATA:0  Fopil
A BASIC DESIGN

299
Take a large ball of string. Hide all measurz ~ 30.0
ing instruments. Invite a pupil to cut offa 23 204
cm length of string. Ask the same pupilto 4 17.9
this a further 9 times. Each time the pupil 5 232
cuts off a piece of string, remove it from 18.5

sight, but note the order in which the piece
. L 215

of string are cut. After all the cutting is

complete, measure the pieces of string to 8 2335
nearest mm. 4 U8Z
A demonstration of this basic design ci 23.5
stimulate a lively discussion of the issues 31 2¢.0
volved. May we assume that each piece12 226
string provides evidence of an independ 180
estimate of the target length by the subje :.7.6})

Are there subtle influences at work? Shoulffj

On one occasion we asked members of a group of
14 and 15 year-old school pupils to choose a table
tennis ball from a large bag. The balls in the bag
were well mixed, and fourteen pupils drew balls
with a special mark. (No doubt, other teachers will
have their own favourite ways of randomly select-
ing a sub-group from a class.) These 14 pupils
worked in pairs, one holding the string while the
other estimated 20 cm ten times as described
above. Measuring did not commence until both
pupils in each pair had completed the string cut-

Estimated lengths {cm) - no feedback.
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238
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281
238
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26.5
225
23.3
iB.4
213
1.3
197
19.9
286
261
215
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26,2
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237
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20.6
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220
218
225
169
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309
212
230
2435
19.6
164
718
i85
268
28.0
AT
24.3
184
246
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25.6
275
200
19.2
2.9
2.0
15.6
231
216
288
224
213
189
26.1
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i8.3 360
305 250
202 238
375 230
205 206
215 218
206 21.1
220 179
204 36
272 284
248 253
248 243
19.1 171
280 290



ting. Table 1 records the data produced by these 14 ure 1 illustrates the profiles of two pupils in this
pupils. group.

Each pupil's performance can be summarisedina As well as the variability within each pupil’s per-
number of ways. A measure of bias is given by each formance, we are interested in the variability between
individual's sample mean minus the target length. pupils, and the efforts of these 14 pupils might be
Most subjects have been found to over-estimate the compared as shown in Figure 2.
required length, and we might review the design to In Figure 2, each line covers the range of estimates
see if there is any methodological reason why this for an individual, and on this line the mean is clearly
should be so. The variability in an individual's per- marked. Readers may recognise this type of plot as
formance is readily appreciated to be important as a essentially an adaptation of the Hi-Lo-Close line
measure of his or her consistency. Depending on the graph for stock market prices, available with certain
level of the class, this might be indicated by a sim- widely used computer packages. An alternative dis-
ple measure such as the range, or a more sophisti- play, suitable for older pupils, is the multiple boxplot
cated statistic like the standard deviation, of each shown in Figure 3.
subject’s attempts. Since the attempts are recorded The order in which pupils’ results are displayed on
in order, it is easy to motivate pupils to draw a pro- Figures 2 and 3 is completely arbitrary. Clearly, im-
file plot of an individual's attempts over time. Fig-  posing an ordering (e.g. according to the pupil's mean
or median estimate) would introduce a spurious ap-

40 pearance of trend. It is also worth discussing with
pupils why it would not be appropriate to pool all
30 the results from all the pupils and display them on,
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for example, a single boxplot. They might also be. Table 2.  Estimated lengths {cm) - with feedback.
led to consider why it would be appropriate to plot, Pupil Cut

for example, the average results for the individual: 1 2 3 & 5 & 7 8 8 10
on one graph. Here, we are beginning to approac
the issue of “sources of variation”, but the discus:
sion need not become overly technical.

203 213 176 191 195 212 260 219 194 176
165 185 213 240 208 2235 189 214 210 218
310 250 190 197 204 158 202 195 240 213
190 19.8 200 195 240 201 210 2235 199 198
233 243 221 236 176 186 203 208 154 202
200 20,7 184 Z1.7 211 17.2 209 216 224 191
291 310 235 17.7 204 277 150 262 2001 202
159 207 1895 20.8 225 190 210 2290 210 i85
240 205 75 135 185 19.0 2338 207 225 212
18.5 189 205 265 190 17.0 193 182 235 215
270 210 198 234 1683 221 266 223 180 201
212 2035 179 207 213 212 367 204 261 200
230 1835 221 190 200 200 222 180 181 190
176 174 200 227 224 250 190 222 220 200
153 182 204 199 1846 202 190 198 201 203
185 26 194 194 212 188 203 205 193 209
359 310 300 224 229 241 18.2 267 180 198
216 236 158 244 204 186 214 242 198 208
295 184 168 202 150 225 181 183 232 212
183 19.0 202 198 207 191 18% 182 175 185
241 200 184 204 195 212 188 207 204 208
19.5 199 186 199 219 203 175 195 216 183
26.5 239 222 205 196 197 204 184 218 201
24 206 20.1 183 210 200 176 221 2031 223 198

. . 25 2267221 190 213 197 237 214 169 167 230
We now turn our attention to the second question 2% 197 164 174 165 172 165 20.1 182 203 196

we posed: “Does our ability to estimate length 27 330 190 220 210 210 220 200 220 210 170
improve if, after each attempt, we are told how 28 210 190 250 230 17.0 200 190 190 200 180
well' we are doing?” Forty-five pupils discovered 9 305 165 149 203 185 220233 191 255 209
that the table tennis ball they had drawn fromthe 4 416 203 185 203 201 201 185 188 195 242
bag did not have the special mark. They were
formed into groups of three, one of whom was 40 —
designated a Recorder who did not make any
estimates. The other two pupils followed the above
procedure but this time, after each cut, the Re-
corder measured the piece of string out of view of
the subject, who was told the result before making
another cut. (Since Recorders do not make any
estimates themselves, teachers will probably want
to allocate at least 50% more pupils to the group
with feedback than to the group without feedback.)
Table 2 lists the data produced by 30 pupils fol-
lowing this revised scheme. A glance at the data re
veals that feedback improves performance in twc 0 ~
ways : there is less bias and less variability in thes L
data. While pupils might start by considering dis- Cut 12345678910
plays of the data that are similar to Figures 2 and :

the~should be led to realise that these are not so ;E‘gg 4. Mean profile plots to compare groups.

propriate for this group. From the simplest point ogtory. Older pupils should realise that an individual's

view, such plots miss out the element of improveattempts are no longer independent of one another. In-
ment over time that is now an important part of theividual profiles are very useful here.
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Mean profile plots are an effective way to display ferent stages during the experiment, as illustrated in
the data for this group of pupils and to compare the Figure 6. Implementing this design in the classroom
performance of the two groups. How did the perform- will provide data that give rise to interesting profile
ance of the 30 pupils who received feedback com- plots but are difficult to analyse formally.
pare with that of the 14 pupils who were not told
how ‘well’ they were doing? A mean estimate for GroupLNNNFFFFFFFFF
each of the ten cuts is calculated for each group andGroup2NNNNNN |FFFFFF
plotted as shown in Figure 4. Group3BNNNNNNNNN|FFF

The profile shown as a solid line is for the group
that did not receive feedback, and on average they Fig 6. Multiple base-line design (N ro feedback,
are clearly overestimating the target length at each F = feedback)
attempt. The profile plotted as a broken line shows
that, at least on average, the group with feedback very Although cutting string is an ethically neutral ac-
quickly “homed in” on the target length. Figure 5 tivity, pupils might be led to reflect on more sensi-
compares the standard deviations for the two groups tive situations where removing or delaying an inter-
at each attempt, and shows that as well as becomingvention thought to be beneficial could pose a moral
more accurate, those who were given feedback alsodilemma.
became more consistent with one another. We have also used this activity as the basis of

project work with senior pupils. In this case, the in-
6 vestigators gathered data from subjects individually.
This avoided some subjects benefiting from watch-
ing other pupils work before trying the experiment
themselves. For example, the data in Table 2 are ar-
ranged in pairs (so that Pupils 1 and 2 worked to-
gether). The odd-numbered pupil always worked
before his or her even-numbered partner. There is
some suggestion that the second partner to cut was
nearer the target, especially in early attempts. (If this
. is s0, then teachers might wish to have three times as
many pupils in the group with feedback than in the
group without. There would then be scope for com-
paring just the results for the first partners to cut in
the former group with all the results from the latter
group.)

With older pupils, especially using more compli-
cated experimental designs, the formal analysis of
ODESIGN CONSIDERATIONSD data must be handled car_efl_JIIy. A naive form of re-
peated-measures analysis is recommended, where

When comparing the two groups, the teacher can each subject’s response is the result from one Cut
arouse in pupils the objection “How do we know that (e.g. Cut 10) or the average of a few Cuts (e.g. Cuts
the individuals in the two groups are comparable?” 8-10). There is also scope for paired comparisons
Could it be that the data in Table 2 came from pupils (e.g. Cut 1 with Cut 10).
who had a greater talent for estimating length? Such  As an alternative to string and scissors, we have
an objection can motivate consideration of the role also successfully used paper and pencil. Sheets of
of randomisation, and of more sophisticated experi- A3 paper are cut into 4 strips. A black line is drawn
mental designs. down the centre of each strip and one end of the line

For example all individuals could be tested before, is marked with a ‘0’. Subjects are asked to imagine
during and after the intervention of providing feed- that the line is a ruler with its scale markings miss-
back. This would reveal whether or not there is a ing. They are asked to place a pencil mark on the
residual effect once feedback is withdrawn. An al- line where they judge the 20cm scale marking should
ternative might be provided by a multiple base-line be. We feel that the experiment with string and scis-
design where subjects are assigned at random to asors has a greater impact on pupils, but colleagues
number of treatment groups. Here, each group com- have told us that they are unwilling to provide pupils
mences estimation without feedback, but the inter- with potentially offensive weapons!
vention of providing feedback is introduced at dif-
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Fig 5. Profile plot 1o compare standard deviations.




OCONCLUSIONO

The experimental activity described here has
several advantages to commend it. Teachers can
easily adapt it to suit a wide range of levels. The
data produced can motivate the practise of a wide
variety of statistical techniques chosen to suit the
pupils’ stage. Important statistical concepts may
also be introduced am reinforced, such as the
notion of variance as a measure of consistency,
independence and dependence, sources of varia-
tion. Further investigations of factors such a age
and gender are easily accommodated. The discus-
sion of experimental design can be treated lightly
or in depth. The materials required are inexpensive.
Most important of all, learning can be fun




